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Abstract. We investigate the effect of meson loops on the spectrum of quark states. We demonstrate that
in general quark states do not tend to get very broad if their coupling to the continuum increases, but
instead they decouple from the latter in the large coupling limit. We ascribe this effect to the essentially
nonperturbative unitarization procedure involved. In the meantime, some quark resonances behave very
differently and demonstrate collectivity in the sense that their pole trajectories span a wide, as compared
to the level spacing, region therefore acquiring contributions from multiple bare poles rather than from
the closest neighbors. While the actual calculations are done within particular, very simplified models, it
is argued that the findings might well be general.
PACS. 11.55.Bq Analytic properties of S matrix – 12.39.-x Phenomenological quark models – 11.10.Gh
Renormalization
1 Introduction
Quark models for strong interactions have a long history
since the middle of the previous century when it was com-
monly accepted that hadrons were not elementary parti-
cles, and thus the idea of quarks as elementary building
blocks was put forward. In its simplest form, quark models
describe the confining interaction between effective con-
stituent quarks which leads to the formation of hadrons
as bound states. Such hadrons appear stable unless the
model is “unquenched”, that is, unless it incorporates a
pair creation mechanism which enables strong decays. It
was speculated then that, because of the large phase space
available, the states high up in the spectrum acquire large
widths and therefore they cannot be observed. In addition,
hadronic loops, which bring an imaginary contribution to
the mass of the state usually interpreted as width, also
change the real part of the pole thus resulting in a hadronic
shift—see, for example, Ref. [1] and references therein. In
particular, in Ref. [1] a systematic approach to hadronic
shifts was developed and a number of loop theorems was
formulated and proved. On the other hand, it has been
argued for a long time that when building quark models
with coupled channels, unitarization cannot be neglected
and even the appearance of extra, dynamically generated
resonances is possible—see, for example, [2,3,4,5,6,7,8,9,
10] and references therein. Furthermore, in a particular
model, contrary to naive expectations, quark states may
even become narrower as the coupling to the continuum
grows [6,11].
In this paper we have a fresh look at the phenomenon
of “unquenching”. In particular, we discuss under which
circumstances it is appropriate to treat the coupling to
the continuum perturbatively and when large corrections
from unitarization are to be expected. In this context it
turns out that the real part of the hadronic loops plays
a crucial role for the behavior of the pole trajectories. As
these loops are divergent in an effective field theory their
values must be fixed by some renormalization conditions
that allow one to relate the strength of the real parts to
observables. In the study we want to pursue here, aimed
at an understanding of gross features that result from uni-
tarization and not at a proper description of experimental
data, we do not have such an option. Therefore we sim-
ply study the effect of different values for the real parts
of the loops. Phenomenologically one may interpret this
variation as studying different models, since each quark
model generates its own vertex functions that in turn lead
to specific real parts of hadronic loops. This will become
evident from the discussion in Sec. 4.4.
While already in the famous work [12] and various later
studies—for recent ones in the heavy quark sector we refer
to Refs. [13,14,15]—unitarization effects are considered,
to the best of our knowledge no detailed study of the ef-
fect of unitarization in the sense outlined above exists up
to now. The goal of this study is to investigate systemat-
ically the effect of the coupling of a tower of quark states
to a continuum channel in a unitary framework. For this
we start from some model where the resonances are de-
coupled from the continuum. Then, the pole trajectories
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Fig. 1: Illustration of the Dyson equation: The physical
Green’s function is found from coupling individual quark
states via meson loops. The thick double line denotes the
physical Green’s function while the thin double line de-
notes the bare quark model states. Single lines denote the
particles of the continuum channel.
are followed as the coupling to the continuum channel is
switched on and increased.
While being of interest on its own, this research may
be viewed as a naive study of the QCD spectrum as the
number of colors, Nc, gets reduced from some very large
value [16,17] (for a pedagogical introduction to the large-
Nc limit of QCD we refer to Ref. [18]). In the limit Nc →
∞ the QCD spectrum comprises infinite towers of sta-
ble (with respect to strong interactions) hadrons, since
the strength of three-point vertices scales as 1/
√
Nc. At
the same time the leading-order in Nc contribution to the
mass of q¯q states turns out to be independent of the num-
ber of colors—fully in line with the general features of the
model employed in this paper.1
2 Concept of modeling, important results and
disclaimers
The main purpose of this research is to investigate in gen-
eral terms the effect of hadronic loops on a spectrum of
quark states. Thus, the models employed below are not
intended to be used for realistic calculations of hadron
properties as they are only meant to capture the gross
features dictated by QCD. To be concrete, for the con-
finement potential we explicitly studied a linear as well as
a quadratically rising potential. The resulting states are
included in the s channel only. While performing each cal-
culation with a fixed number of quark model states, N , we
confirm that the general features of the pole trajectories
do not depend on the number of basis states by repeating
the calculation for different values of N , that even allows
us to speculate about the N →∞ limit.
In this work the mentioned quark model states get
coupled to each other via a meson loop in a single con-
tinuum channel. For the structure of the corresponding
vertex functions again we use two different, simple mod-
els. The resulting Dyson equation for the physical Green’s
function is shown diagrammatically in Fig. 1.
1 As explained in detail e.g. in Ref. [19], the large-Nc limit
allows for deep insides into the nature of hadronic states. The
approach we take here is complementary to that of Ref. [19]:
while there the number of colors is increased from the starting
point Nc = 3, here we model the effect of decreasing Nc from
some very large value, admittedly with a much lower degree of
rigor.
In our study the overall coupling strength for each res-
onance to the continuum channel is controlled by a single
parameter that is varied for all quark states simultane-
ously. This procedure leads to certain pole trajectories,
as a function of the mentioned strength parameter, that
are studied for the different models mentioned above. For
definiteness, the mass parameters in these calculations are
chosen in a range that corresponds to c¯c states coupled to
a pair of open-charm mesons. The most important findings
of this work are:
• For small couplings each individual state located above
a relevant threshold acquires a width that scales as the
square of the coupling. The other states present in the
system do not affect this behavior.
• As the coupling increases the width does not keep on
growing for most of the states but, as soon as the self-
energies get of the order of the level spacing, the pole
trajectories bend and the widths decrease again. A typ-
ical shift of the real part of such a pole compared to
its bare value is of the order of the level spacing, and
the pole is therefore mostly influenced by the nearest
neighbors.
• Besides the states just described at least one state in
the spectrum behaves very differently. As the coupling
increases, the trajectory of the corresponding pole is
not bounded by the nearest neighbors but it covers sev-
eral level spacings thus going far away from the orig-
inal, bare pole position. As a result it is sensitive not
only to its neighbors but also to remote states. For this
reason we refer to such poles as to collective ones.
• Which state demonstrates this collective phenomenon
and if this collectivity shows up in one or more states
depends on the renormalization condition imposed and
on the details of the model (type of the vertex function,
number of states included, and so on).
Thus we found that in general, as soon as the coupling
of quark states to the continuum gets large, unitariza-
tion effects cannot be neglected and they change severely
the properties of the states. In particular, for large cou-
plings there appear two types of states: ordinary and ex-
traordinary states—this notion was introduced by Jaffe
in Ref. [20]—which behave quite similarly for small cou-
plings and are therefore indistinguishable in the weak cou-
pling regime. Meanwhile, they behave quite differently as
the coupling increases. In particular, for large couplings,
the ordinary states tend to decouple from the continuum.
Each of those states contains a prominent contribution
from the original basis state and the admixture from other
states decreases quickly with their distance to the pole. In
the same limit, the extraordinary states demonstrate a
collective phenomenon in the sense of sensitivity to mul-
tiple bare states, and it is this collectivity that could give
us a clue on their physics as discussed in Sec. 5.
It should be stressed that the models we used are very
simplified and by no means realistic. For example, we do
not include t-channel exchanges of heavy mesons in the
vertex dressing (as indicated in Fig. 2) — although for-
mally they should be included — but just restrict our-
selves to simplified models for the vertices whose struc-
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Fig. 2: Possible vertex dressing diagram not included in
the present study. The meaning of the lines is the same as
in Fig. 1.
tures are independent of the coupling strength. As was
demonstrated in Ref. [21], the contribution of the triangle
diagram from Fig. 2 is indeed suppressed in the weak-
coupling regime (g → 0). However, since the focus of this
work is on qualitative studies of the behavior of the pole
trajectories we dare neglect this diagram also for relatively
large values of the coupling. A more refined study of the
role played by the triangle diagram is left for future pub-
lications. We also do not allow for a t-channel exchange of
light mesons in this work although the left-hand cuts they
induce could lead to additional structure: while those will
certainly change the quantitative behavior of the trajecto-
ries we do not expect the gross features to be changed. In
addition, we only use a single continuum channel as well as
a simplified form for the two-meson loop whose real part is
controlled by just a single counter term. Still, regardless of
those severe simplifications, since the two aforementioned
types of states appear for all model versions we studied, we
are tempted to claim the mentioned features to be general
and therefore very likely to reveal themselves also in more
realistic models. More refined studies will be presented in
a subsequent publication.
3 Some instructive Examples
We start our presentation with a short discussion of sys-
tems with only one or two resonances where some fea-
tures of the unitarization and regularization can already
be discussed using simplified analytic calculations. In the
subsequent Sections we turn to more general cases.
For simplicity we consider only one continuum channel,
so that the Riemann surface consists of two sheets: the
first (physical) sheet and the second (unphysical) sheet.
Poles on the physical sheet are only allowed to reside on
the real axis below the threshold and they correspond to
bound states. The poles on the unphysical sheet located
on the real axis below the threshold correspond to virtual
states. All other poles on the second sheet correspond to
resonances.
3.1 Single-resonance case
As the simplest example, we consider a single scalar res-
onance R coupled to a continuum channel ϕϕ¯ with ϕ(ϕ¯)
being a scalar (anti)meson,
L = 1
2
[
(∂µϕ)
2 −m2ϕ2]+ 1
2
[
(∂µϕ¯)
2 −m2ϕ¯2]
+
1
2
(∂µR)
2 − 1
2
M2R2 + gRϕ¯ϕ. (1)
The physical propagator of the resonance is calculated
from the Dyson equation G = G0 −G0ΣG with the solu-
tion
G =
G0
1 +G0Σ
=
1
s−M2 +Σ , (2)
where G0 = 1/(s−M2 + i0) is the bare scalar propagator,
Σ is the selfenergy,
Σ = −g2Π, (3)
g is a real coupling constant, and Π = 1i is the
loop operator. If Π is treated as an energy-independent
complex number then the pole of the dressed propagator
(2) is located at sp = M
2 + g2Π. If now ImΠ 6= 0 then
|Im(sp)| → ∞ in the limit g → ∞ that means that, for
a constant selfenergy the width grows for an increasing
coupling and it can become arbitrarily large.
In contrast to the toy example above, a more realistic
selfenergy Σ is s-dependent. This is a necessary conse-
quence of the analytic properties of the S matrix that
require the presence of a pole at s∗p if there is a pole at sp.
To proceed we need to specify the continuum channel for
which we stick to the simplest two-body system formed
by a scalar particle ϕ and its antiparticle ϕ¯ which can in-
teract only via the resonance R. To leading order in the
center-of-mass momentum
k =
1
2
√
s− 4m2, (4)
where m is the mass of the field ϕ, the selfenergy operator
reads
Π(s) = − i
16pim
k −∆(g). (5)
The term∆(g) is a real function which depends only on
the masses and on the coupling constant g. The function
Π(s) is supposed to parametrize the leading energy depen-
dence of the underlying loop function depicted in Fig. 1.
Since this loop is divergent, as long as no form factors are
introduced, some regularization procedure is required to
fix its real part. Since in this exploratory study we can-
not use experimental information to fix the real part of
the loop, we study the impact of different values for ∆(g).
Phenomenologically this means that we simulate in this
way different quark models, since those will generate dif-
ferent hadronic form factors that in turn lead to different
values for the real part of Π(s). We come back to this
discussion in Sec. 4.4.
Note that unitarity requires the spectral density
w(s) = − 1
pi
ImG(s) (6)
4 I.K. Hammer et al.: Remarks on meson loop effects on quark models
to be normalized as
N =
∫ ∞
sminth
w(s)ds = 1−
∑
n
Zn, (7)
where sminth = (2m)
2 is the lowest open threshold and the
sum runs over all bound states (first sheet poles). Here Zn
denotes the corresponding wave function renormalization
constants that may be interpreted as the probability to
find the n-th bare state in the continuum wave function
[22,23].2 It is easy to verify that the spectral density con-
structed with the help of Eq. (2) is indeed normalized to
unity for small couplings g for all values of the subtraction
constant ∆. Meanwhile, as the coupling grows, for a par-
ticular sign of ∆, it happens that additional poles enter
the physical Riemann sheet and turn into bound states.
In this case the spectral density (6) is not normalized to
unity any more, and the deviation of the normalization in-
tegral from unity is given by Eq. (7) with nonzero Z’s. As
before, this feature is independent of a particular choice
of ∆.
Substituting function (5) into Eq. (2) it is straightfor-
ward to find the poles of the physical propagator,
sp = M
2 − g2∆− 1
8
(
g2
16pim
)2
± g
2
32pim
√
4m2−M2+1
8
(
g2
16pim
)2
+ g2∆ , (8)
which depend on ∆.
As the first example we choose as renormalization con-
dition the requirement that the real part of the pole stud-
ied does not move when the coupling to the continuum is
switched on. This leads to the condition
∆(g) = −1
8
g2
(16pim)2
, (9)
for which Eq. (8) for the poles position simplifies consid-
erably to read
sp = M
2 ± 1
2
(
g2
16pim
)√
4m2 −M2. (10)
For M > 2m the square root in Eq. (10) is always imag-
inary and the width of the state R grows quadratically
with g. This behavior is similar to the one for the constant
Σ considered above, however now the unitarity condition
s
(2)
p =
(
s
(1)
p
)∗
is fulfilled automatically.
Alternatively we could have chosen the condition ∆(g)
≡ 0, which implies that ∆ is naively absorbed into a re-
definition of the mass M . Then the poles position in the
complex momentum plane—derived from Eq. (8)—reads
kp = − i
8
(
g2
16pim
)
±1
2
√
M2 − 4m2 − 1
16
(
g2
16pim
)2
. (11)
2 For a recent discussion see, for example, Ref. [24].
In Fig. 3(a) we show the behavior of the poles kp as a
function of the coupling g for M > 2m. In the limit g = 0
there are two symmetric real poles which describe a stable
quark state R. As g deviates from zero but remains small,
g2  64pim√M2 − 4m2, the state R acquires a small
width and turns to a resonance. As g increases further,
contrary to the naive expectations, the width does not
grow infinitely, but the poles approach each other, they
collide at the imaginary axis for g2 = 64pim
√
M2 − 4m2,
and then, for g → ∞, one pole leaves the near-threshold
region while the other one approaches the threshold from
below. It is interesting to note that such asymmetrically
located poles for near threshold states can be interpreted
as a signature of a predominantly molecular nature of the
state [25,26]. The underlying pole counting approach is
in line with the famous compositeness criterion by Wein-
berg [27], as shown in Ref. [23].
The corresponding trajectories of the poles in the com-
plex s-plane are shown in Fig. 3(b).3 In particular, for
g = 0 one has two degenerate poles lying on the real
axis above threshold which then travel symmetrically in
the second Riemann sheet until they collide again on the
real axis below the threshold. Then, in agreement with
the discussion of the poles in the complex k-plane, one
of them leaves the near-threshold region while the other
turns to a virtual state. It is easy to verify that the max-
imal imaginary part of the pole in the complex s-plane is
(M2 − 4m2)/4. Therefore the state never gets arbitrarily
broad and its maximal possible width is governed by the
proximity of the bare poles to the threshold.
For M < 2m one can choose a different renormaliza-
tion scheme with
∆ =
1
32pim
√
4m2 −M2, (12)
that ensures Σ(s = M2) = 0 for any g, so that the bound-
state pole stays fixed at s = M2. Meanwhile, its counter-
part on the unphysical Riemann sheet moves away from
the threshold with a growing value of g. Thus the system
behaves similarly to the previous case for large couplings.
3.2 Two-resonance case
Now we consider a system of two resonances, R1 and R2,
which, as before, couple to a single elastic channel ϕϕ¯.
The resonances therefore communicate through the off-
diagonal elements of the selfenergy operator
Σij = −gigjΠ.
The poles of the scattering matrix in such a two-chanel
problem come as solutions of the equation det (1 +G0Σ) =
3 For a discussion of the pole trajectories from a different
perspective we refer the reader to Ref. [28]. A detailed investi-
gation of the interplay of quark and meson degrees of freedom
in near-threshold resonances and the discussion of the resulting
behavior of the poles can be found in refs. [29,30,31]. Coupled-
channel dynamics of the poles describing near-threshold states
can be found, for example, in Refs. [32,33,34].
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Fig. 3: Pole trajectories for the renormalization condition ∆(g) = 0 and for the values of g between 0 and 25 GeV
(M = 2.5 GeV, m = 1 GeV). The left (right) panel shows the pole trajectories in k-plane (s-plane). The black square
indicates the threshold.
(a) (b)
Fig. 4: Pole trajectories in the upper half of the complex s-plane as given in Eq. (14) for g growing from 0 to 2.5 GeV
(see Eq. (13) for the values of other parameters). The left(right) panel shows the result for Π = i(Π = 1 + i).
0, where G0 = diag((s−M21 + i0)−1, (s−M22 + i0)−1). For
definiteness, we fix the parameters of the system to values
typical for a charmonium system, namely
M1 = 1 GeV, M2 = 3 GeV, m = 1 GeV, (13)
that ensures that the elastic threshold is located between
the bare resonances, M1 < 2m < M2. Also, for simplicity,
we set g = g1 = g2.
If the loop operator Π is assumed to be constant, the
poles can be found analytically in the form
sp =
1
2
(
M21 +M
2
2
)
+ g2Π
±
√
1
4
(M21 −M22 )2 + (g2Π)2. (14)
As before, we are interested in the behavior of the poles
as the coupling g grows. The picture becomes especially
simple, if Π is purely imaginary (for definiteness we set
Π = i). In this case and in the limit g → ∞ the poles
given in Eq. (14) become
s(1)p =
1
2
(
M21 +M
2
2
)
+ 2ig2 and
s(2)p =
1
2
(
M21 +M
2
2
)− i
2g2
(
M22 −M21
)2
, (15)
so that they demonstrate the pattern depicted in Fig. 4(a):
One pole acquires a large imaginary part and leaves the
near-threshold region fast while the other pole gradually
approaches the real axis, that is it becomes nearly stable.
The relevant scale for its width is now given by the level
spacing M22 −M21 .
As the loop operator Π acquires a real part (for illus-
tration we set Π = 1 + i—see Fig. 4(b)), the particular
picture changes, however it still demonstrates the same
pattern: as the coupling g grows, one state gets stable
again while the other one becomes very broad.
Finally, we study the interplay of the different phe-
nomena discussed in this Section. We consider the energy-
dependent loop operator Π(s) as given in Eq. (5) and fix
the ∆-term in the form
∆ =
1
32pim
√
4m2 −M21 , (16)
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0.
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6.
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10.
12.
14.
16.
18.
20.
Fig. 5: Pole trajectories in the upper half of the complex s-plane for the energy-dependent loop operator Π(s) given
by Eq. (5) with the ∆ fixed as in Eq. (16). The coupling g is increased from 0 to 20. The black square indicates the
threshold while the red circle shows the position of the bound state which is kept constant due to the particular choice
of ∆—see Eq. (16).
which ensures that the position of the pole on the first
Riemann sheet (the bound-state pole) remains on its lo-
cation. At the same time its mirror pole on the second
Riemann sheet moves away towards smaller and then neg-
ative values of s. The results of the corresponding numer-
ical calculations are shown in Fig. 5. In the meantime, the
resonance pole (its mirrored counterpart is not shown in
Fig. 5) acquires a small width as g departs from 0. How-
ever, contrary to naive expectations, it does not become
infinitely broad for large values of g. Instead, as g exceeds
some critical value the width tends to decrease, so that
eventually, for g → ∞, this state tends to decouple from
the continuum.
Before we proceed to multi-resonance systems, let us
briefly summarize the findings of this Section. On the one
hand, using simple and transparent models we found that,
contrary to naive expectations, at least one state does not
become infinitely broad in the limit of a strong coupling to
the hadronic channel—on the contrary, it even decouples
from the continuum in this limit thus turning to an asymp-
totically stable object. In addition, we demonstrated that
the renormalization condition for the hadronic loop is an
essential ingredient of the model—the form of a particu-
lar pole trajectory and whether or not a particular state
decouples from the continuum may depend strongly on
it. Stated differently: Two different models which are able
to describe the physical spectrum of hadrons equally well
may predict very different pole trajectories as soon as the
coupling constants deviate from their physical values.
4 Unitarization in multi-resonance systems
In the previous Section we studied a single-resonance and
a two-resonance system and found that the trajectories of
the resonance poles that emerge as the coupling to the
continuum is increased depend strongly on both the en-
ergy dependence of the selfenergy and on the renormal-
ization condition for the loop. In this Section we consider
multi-resonance systems and find the collective phenom-
ena already mentioned above.
4.1 Multi-resonance toy model
To study the coupling of a tower of quark states to a con-
tinuum channel, we consider a system governed by the
Lagrangian
L = 1
2
[
(∂µϕ)
2 −m2ϕ2]+ 1
2
[
(∂µϕ¯)
2 −m2ϕ¯2]
+
N∑
n=1
[
1
2
(∂µRn)
2 − 1
2
M2nR
2
n + gnRnϕ¯ϕ
]
, (17)
which is a natural generalization of Lagrangian (1) to the
multi-resonance case. Here, as before, ϕ and Rn (n ∈
{1, . . . , N}) are scalar quark-antiquark fields, and ϕ¯ is the
charge conjugated field with respect to ϕ. The number of
resonance states considered, N , is varied in what follows.
It is natural to identify the fields Rn with the n-th radial
excitation of the Q¯Q meson, where Q is a heavy quark.
Then ϕ and ϕ¯ are heavy-light Q¯q and q¯Q mesons, respec-
tively, produced from Rn through some string breaking
mechanism.
The T matrix for ϕϕ¯ scattering may be written as
T = (1 + V Π(s))−1V , where the potential reads
V =
N∑
n=1 Rn
ign ign = −
N∑
n=1
g2n
s−M2n
. (18)
For simplicity, for Π(s) we again resort to the scalar loop
up to the leading order in k, as defined in Eq. (5). For
the masses of the particles Rn we use phenomenological
quark models. The results discussed in detail below are
based on a model that exhibits a linear confinement po-
tential. Note that we repeated all calculations also with
a quadratic confinement potential and found that, while
there are differences in the details, the pattern of the level
spacing has no influence on the general behavior of the
pole trajectories discussed in the paper.
To make things as simple as possible, we consider the
large-n limit and approximate the masses Mn as
Mn = 2MQ + En, (19)
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where En is the n-th eigenenergy of the massless Hamil-
tonian
H = 2pr + σr. (20)
Here pr is the radial component of the momentum opera-
tor and σ is the string tension. With the help of the qua-
siclassical quantization condition the eigenspectrum {En}
can be found in a simple analytic form (see, e.g., the dis-
cussion in Ref. [35]),
E2n = 4piσ(n− 1), n = 1, 2, . . . , N, (21)
where we dropped the zero-point energy such that the
energy is counted from the ground state level with energy
E1. We therefore arrive at a very simple analytical formula
for the mass spectrum of the resonances Rn,
Mn = 2MQ +
√
4piσ(n− 1), n = 1, 2, . . . , N, (22)
which will be used in numerical calculations below. Strictly
speaking, approximation (22) can only be used for n 1,
however, the error we make using Eq. (22) for the states
with n ∼ 1 does not affect the phenomena under study.
In order to proceed we need to specify the parame-
ters of the model. We again stick to values that are phe-
nomenologically adequate in the charm sector,
σ = 0.16 GeV2, MQ = 1.7 GeV, m = 2 GeV (23)
for the string tension σ, the heavy-quark mass MQ, and
the mass of the field ϕ. In particular, m > MQ complies
with the interpretation of the field ϕ as a heavy-light me-
son containing the heavy quark Q. Also, for such masses,
the ϕϕ¯ threshold lies at 2m = 4 GeV while the lowest
states R1 and R2 have the masses 3.4 GeV and 4.8 GeV,
respectively, that is R1 appears below the threshold while
all other Rn’s, with n > 1, lie above it. This way we can
study the behavior of both the bound (virtual) state and
the resonances with a varying coupling strength.
For the last parameters of Lagrangian (17)—namely,
for the coupling constants gn—we consider two models.
As Model A we employ the simplest assumption on the
behavior of the coupling constants gn and treat them as
energy- and n-independent constants. Therefore, in model
A we use
Model A : gn = g (24)
for all values of n. In Subsec. 4.4 we repeat our analy-
sis for another model for the couplings gn and arrive at
essentially the same conclusions.
4.2 Pole trajectories and the impact of renormalization
It was argued and illustrated in the previous Section that
the renormalization condition strongly affects the pole tra-
jectories. Now we come to a systematic study of this effect
in multi-resonance systems which allows us to identify a
new phenomenon related to a collective behavior of the
poles. To this end we use the toy model described above
and stick to Model A for the couplings—see Eqs. (17) and
(24), respectively.
We start considering a multi-resonance model (17) with
N  1—for illustration we stick to N = 10 and N = 20—
and use three different ways to fix the ∆-term in the loop
operator defined in Eq. (5) (to understand the origin of
this freedom we refer the reader to the discussion below
Eq. (5)):
(i) we keep the bound state fixed in its original position
(cf . Eq. (16));
(ii) we choose ∆ = 0—this condition may be understood
as absorbing the real part of the loop into the masses
of the resonance states;
(iii) we set ∆ = −0.1 to illustrate better the impact of the
renormalization condition on the pole trajectories.
Trajectories of the poles for cases (i), (ii), and (iii) above
are shown in Figs. 6, 7, and 8, respectively. One can draw
several conclusions from these figures. To begin with, the
poles show the same behavior as in the simple examples
from the previous Section. For g = 0 there are two degen-
erate poles below the threshold, located at s = M21 , one on
the first sheet (bound state) and one of the second sheet
(virtual state), and, in addition, there are pairs of poles
on the second sheet at s = M2n (n > 1). For the coupling
g departing from 0 the latter poles with n > 1 acquire
imaginary parts which, for small values of g, grow with
increasing values of g. However, as the coupling exceeds
some critical value, the pole trajectories bend and start to
approach the real axis again. As a result, the resonances
decouple from the continuum for large values of g.
Meanwhile, the behavior of the poles for n = 1 deserve
special attention. The fate of the bound state pole and
its virtual mirror state depends strongly on the assump-
tion made for the subtraction term ∆. For example, in
case (i) the virtual state goes far away from the thresh-
old as g grows while in case (iii) the virtual level and the
bound state have nearly equal masses for all values of the
coupling.
In addition, some of the resonance poles with n > 1
demonstrate a striking behavior—see Figs. 6-8. In case
(i) all resonance trajectories look similar and the poles
behave as was just explained above. However the n = 2
trajectory hits the real axis just below the threshold thus
producing two virtual states of which one proceeds toward
the threshold along the real axis. In the meantime, in case
(ii), the trajectory with n = 6 deviates severely from the
“normal” behavior. Indeed, this state acquires a far larger
width compared to the other resonances before it turns
around. Also, its real part spans a far wider range. In the
last case, (iii), an unusual behavior is exhibited by the
highest state with n = 10.
The result reported in this Section are obtained for
the scalar loop taken to leading order in the center-of-mass
momentum. If the full expression for the relativistic scalar
loop is used instead, an additional nonanalyticity appears
on the unphysical sheet and consequently the trajectories
change quantitatively. However, qualitatively we observe
the same phenomena and thus the conclusions stay un-
changed.
To better understand the physics underlying the non-
trivial behavior described above, in the next Section we
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Fig. 6: Pole trajectories in the second Riemann sheet of the complex s-plane for a 10-level system complying with
Model A—see Eq. (24)—for the values of g increasing from 0 to 25 GeV. The ∆-term is fixed according to Eq. (16)
(∆ ≈ 0.01). The black square indicates the position of the threshold. The red circle indicates the position of the bound
state on the first sheet. Each trajectory is labeled by their respective principal quantum number n at g = 0.
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Fig. 7: The same as in Fig. 6 but for ∆ = 0.
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Fig. 8: The same as in Fig. 6 but for ∆ = −0.1.
study the residues of the physical propagators of the field
Rn.
4.3 Residues and collective phenomena
To better understand the physics behind the trajectories
reported above, it is instructive to investigate the residues
of the T -matrix poles Ri where s(i)p is the i-th pole posi-
tion. These can be written in the form
Ri = Res
(
T (s(i)p )
)
=
∑
n,m
gngn′Z
(i)
nn′ , (25)
where the field renormalization factors Z
(i)
nn′ were intro-
duced. Since we shall always focus on a particular pole,
from now on we drop index i for simplicity.
The propagators of the physical states are given by the
solutions of the matrix Dyson equation
Gnn′(s) = δnn′Gn(s)+
∑
k
Gn(s)gnΠ(s)gkGkn′(s), (26)
where Gn(s) = (s−M2n+i0)−1 and the explicit form of the
scalar loop, Π(s), is given to leading order in the meson
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Fig. 9: Absolute values of Znn for a few resonances for the coupling g growing from 0 to 25 GeV in the 10-level system.
The ∆-term is fixed according to Eq. (16) (∆ ≈ 0.01).
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Fig. 10: The same as in Fig. 9 but for ∆ = 0.
momentum in Eq. (5). Near the pole sp one can write
Gnn′(s ∼ sp) = Znn
′
s− sp + regular terms, (27)
so that Znn′ = lims→sp(s − sp)Gnn′(s). Obviously, sp =
M2n and Znn′ = δnn′ for g = 0. For nonvanishing couplings
g, the solution of the Dyson equation for the n-th diagonal
term reads
Gnn(s) = 1
s−M2n − g2nΠn(s)
,
(28)
Πn(s) =
1
Π−1(s)−∑k 6=n g2kGk(s) .
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Fig. 11: The same as in Fig. 9 but for ∆ = −0.1.
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Fig. 12: The same as in Fig. 9 (∆ ≈ 0.01), Fig. 10 (∆ = 0) and Fig. 11 (∆ = −0.1) for the bound state.
From this representation one can extract a simple formula
for the field renormalization factors (for sp 6= M2n),
Znn′ =
gngn′Gn(sp)Gn′(sp)∑
k g
2
kG
2
k(sp)−Π ′(sp)/Π2(sp)
. (29)
Alternatively those can also be determined numerically.
For a bound-state pole the Z factor takes real values
between 0 and 1 and, at least for very near threshold poles,
it admits a clear physical interpretation as the probability
to observe the bare state in the bound-state wave func-
tion [27]. Such a straightforward probabilistic interpreta-
tion does not exist for other poles.4 Nevertheless, in what
follows, we look at the absolute values |Znn| and dare to
interpret them, qualitatively and with a lot of caution, as
a measure of the admixture of the n-th bare state in the
given physical state. In particular, the values of |Znn| for
some representative states are shown in Figs. 9, 10, and
11 for the cases (i), (ii), and (iii), respectively.
4 Generalizations of the Weinberg approach to coupled chan-
nels as well as resonances can be found in Refs. [23,36,37,38,
39].
In agreement with the observation of the previous Sub-
section, Znn of all poles, but the “abnormal” ones, behave
similarly, namely, as the coupling g increases, the given
state starts to feel the others, however the influence of
the remote states is much weaker than that of the closest
neighbors.
Meanwhile, the situation is very different for the un-
usual states, which feel not only the closest neighbors but
typically all the other, more remote states. This kind of
collectivity is seen from the behavior of the functions |Znn|
which take comparable values not only for the neighbor-
ing poles, but for the remote poles too. This is in line with
the observation made in the previous Section that the tra-
jectories of the extraordinary states are not localized and
span a wide range.
To complete the picture in Fig. 12 we show the residues
for the bound state pole for the different values of ∆ em-
ployed above. We confirmed that the bound state wave
function is properly normalized for all values of g. For the
parameter settings used here one can see that the residues
are by far dominated by the bare pole that provided the
bound state for a vanishing coupling. However, since the
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bound state poles are located far below the threshold, an
application of the Weinberg criterion to understand the
compositeness of the bound state appears not possible.
Meanwhile, as discussed above, for cases (i) and (ii) the
mirror state in the second sheet (virtual state) is located
very asymmetrically presumably pointing at a molecular
nature of the bound state according to Ref. [25]. In con-
trast to this, in case (iii), the virtual state does not move
and stays in its original location close to that of the bound
state, albeit on the second sheet. Thus, in case (iii) the
bound state is indeed to be interpreted as being predom-
inantly a quark state.
To ensure that the observed collective phenomenon is
not an artifact of a particular chosen number of poles N
we repeat the study outlined above for N = 20. For illus-
tration we show the results for the renormalization condi-
tion which keeps the bound state mass fixed (case (i)) in
Figs. 13 and 14. Clearly the system exhibits exactly the
same behavior as discussed before forN = 10, namely that
some states show a collective behavior for g → ∞ while
most of the states tend to decouple from the continuum
in this limit.
4.4 Alternative model for the couplings
As the last exercise, in order to demonstrate that our qual-
itative findings do not depend on the particular model cho-
sen for the couplings, we also use a more realistic model
for the vertex functions which we refer to as Model B.
To this end we consider the decay of the form Rn → ϕϕ¯
and notice that, in order to model the behavior of the cou-
pling gn, it is sufficient to evaluate the overlap of the wave
functions (w.f.s) in the amplitude for the light-quark pair
creation through the 3P0 mechanism—for the details see,
for example, Refs. [12,41,42,43,44,45,46] and references
therein,
gn ∝
∫
d3rd3ρ ψRn(r)ψ
∗
ϕϕ¯(−r/2)
× ψ∗ϕ(r/2 + ρ)ψ∗ϕ¯(r/2− ρ), (30)
where the standard relative Jacobi coordinates r and ρ are
introduced as shown in Fig. 15, ψRn , ψϕ, and ψϕ¯ are the
bound-state w.f.s of all mesons involved, ψϕϕ¯(r) = e
ikr is
the w.f. of the free motion of the mesons ϕ and ϕ¯ with the
relative momentum k, that is Pϕ = −Pϕ¯ = k.
The w.f. of the heavy-heavy quarkonium Rn is local-
ized at small interquark separations while the typical size
of the heavy-light mesons ϕ and ϕ¯ is much larger. Conse-
quently the mass parameter βR which governs the falloff
of the w.f. ψRn with the quark separation is large com-
pared to the corresponding parameter for the meson ϕ,
βR  βϕ. As a result the w.f. ψRn(r) cuts the integral in
r at r  ρ, so that, approximately,
gn ∝
(∫
d3re−ikr/2ψRn(r)
)(∫
d3ρψ∗ϕ(ρ)ψ
∗
ϕ¯(−ρ)
)
=
∫
d3re−ikr/2ψRn(r) = ΨRn(k/2), (31)
Q
Q¯
q¯ q
r/2
r/2
ρ
Fig. 15: Graphical representation of the pair creation
mechanism.
where ΨRn is the Fourier transform of the coordinate w.f.
ψRn(r), and it was used that ψ
∗
ϕ¯(−ρ) = ψϕ(ρ) and that
the w.f. ψϕ(ρ) is normalized.
If, for simplicity, we stick to the quasiclassical w.f. ΨR
then it is easy to find that
gn ∝ ΨRn(k/2) ∝ exp
(
− k
2
4σ
)
. (32)
In the decay Rn → ϕϕ¯ the momentum k is fully fixed
by the masses of the particles in the initial and in the
final states. On the other hand, in the scattering process
ϕϕ¯→ Rn → ϕϕ¯, k is related to the invariant energy s as
given by Eq. (4). Thus, as Model B, we use the form
Model B : gn = ge
−λ2k2 (33)
which smoothly interpolates between Model A (λ = 0) and
formula (32) with λ = 1/(2
√
σ) = 1.25 GeV−1. Strictly
speaking the approximations used to derive Eq. (33) are
valid for low-lying resonances Rn, while for n  1 the
high-order pre-exponential polynomial in the Rn’s w.f.
starts to compete with the exponential factor so that ΨRn
is not short-ranged any more. As a consequence, the over-
lap of the w.f.s in Eq. (31) acquires a dependence on the
excitation number n and so does the coupling gn from
Eq. (33). However, inclusion of this effect goes well be-
yond the scope of the present work, which is aimed at a
qualitative investigation of the unitarization effects on the
spectrum of quark states. We therefore leave a more re-
fined treatment of the couplings gn for future publications
and stick here to the simplest form presented in Eq. (33).
The scalar loop for Model B is given by the expression
Π(s) =
1
16pi2m
∫ ∞
0
p2
k2 − p2 e
−λ2p2dp
= − i
16pim
ke−λ
2k2
+
1
16pi2m
P
∫ ∞
0
p2
k2 − p2 e
−λ2p2dp, (34)
where P stands for the principal value prescription. As
one can see, different values of λ, referring to different
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Fig. 13: The same as in Fig. 6 but for N = 20.
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Fig. 14: The same as in Fig. 9 but for N = 20. The rise of the Znn at g → 14 for the n = 6 state is due to a peak
which reveals itself when the trajectory hits the real axis. Such effects were also observed before—see, for example,
Ref. [40].
quark models, provide different values of the real part of
the loop and, when parametrized in the form of Eq. (5),
correspond to different values of ∆.
In Fig. 16 we plot the pole trajectories for Model B
with N = 10 and with λ = 0.1 GeV−1, 0.3 GeV−1, and
0.7 GeV−1, respectively. From these figures one can see
that Model B demonstrates essentially the same pattern
as Model A. We refrain from considering larger values of λ
as spurious poles start to appear in this case on both the
unphysical and sometimes even on the physical sheet. For
large values of the coupling g these poles tend to approach
the physical region and to interfere with the physical poles.
This would make an interpretation of the latter question-
able. Such spurious poles are artifacts of the particular
parametrization used for the vertex function. Building a
more reliable parametrization should solve the problem,
however, this goes beyond the scope of the present paper.
5 Interpretation
In this paper we found the following universal features
which emerge when quark states get coupled to the contin-
uum in a way consistent with unitarity, once the coupling
gets too large to be treated perturbatively:
• As soon as the selfenergies get of the order of the level
spacing, for most states the pole trajectories bend and
the width decreases again. These states are mostly in-
fluenced by their nearest neighbors.
• Besides the states just described at least one state pos-
sesses a pole trajectory which spans a wide (compared
to the level spacing) range therefore acquiring contri-
butions from multiple bare poles—we therefore call it
a collective state.
• Which state shows this collective phenomenon and if
this collectivity shows up in one or more states depends
on the renormalization condition imposed and on the
details of the model.
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Fig. 16: Pole trajectories in the complex s-plane for Model B with different values of λ. The black square indicates
the threshold.
Clearly, to study the evolution of a collective pole as a
function of some strength parameter, it is not sufficient
to start from a reduced basis since in this case one omits
states that are of relevance for the collective one. This
does not mean, however, that it is not possible to build an
effective theory with only a few states for a given physical
situation—one only has to question the applicability of the
same effective description when the strength parameter is
varied over a large range.
The observation of the collective states could remind
one of the notion of duality—for a detailed review on
the subject see, for example, Refs. [47,48]—which can be
formulated as the observation that an infinite sum of s-
channel poles can be matched onto an infinite sum of t-
channel poles—this relation is illustrated in Fig. 17. This
might explain why it was possible to predict, for example,
the existence of X(3872) charmoniumlike state from sim-
ple meson exchange models [49,50,51]. The extraordinary
states found here appear as a collective phenomenon of
basically all s-channel pole terms included in the model,
and one might be tempted to claim that this would still
be true even if infinitely many states were included. Then
one could argue, based on the duality picture, that the
very same pole could have emerged from an infinite sum
of t-channel poles and that it might well be more efficient
to parametrize the binding potential by a contact term
or a few t-channel exchanges instead of a large sum of
s-channel poles.
6 Summary and Outlook
Within different quark models we studied the trajectories
of series of S-matrix poles as their coupling to a contin-
uum channel is increased from 0 to some large value while
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s−channel t−channel
Fig. 17: An illustration of the duality idea: a given quark-model diagram can either be viewed as a s-channel exchange
or a t-channel exchange depending on which interaction produces a pole. Here the two possible clusterings are indicated
by the red lines.
keeping other input parameters fixed. As outlined in the
Introduction, such a study could be understood as a naive
implementation of the behavior of the QCD spectrum as
the number of colors is reduced from some very large value.
In this work we varied the confining potential, the ver-
tex functions as well as the number of quark states in-
cluded and found that the qualitative features of the pole
trajectories persisted. Although all models used were quite
simple (e.g. no vertex dressing via t-channel meson ex-
change was involved) we still expect that the gross features
described in this paper are genuine and should appear in
all models where the couplings of s-channel resonances to
continuum states are varied over a wide range. Especially
one is to conclude that, when unitarizing a quark model,
care has to be taken with respect to the renormalization
condition imposed for the hadronic loops. Indeed, the way
how the hadronic loops are regularized within that model
provides effectively a modeling for the quantity ∆ dis-
cussed in this paper (cf. Eq. (5)) which strongly influences
the pole trajectories. Stated differently: the pole trajecto-
ries of quark model states as a function of some coupling
have to be interpreted with caution since one gets sensi-
tive to the regularization imposed for the hadronic loops,
that is to an effect which might lie beyond the scope of
the quark model itself. As a result, the mentioned trajec-
tories might come out as artifacts (for additional aspects
about unitarizing the quark model we refer the reader to
Ref. [52]).
Another important insight is that, when quark states
couple strongly to the continuum, at least one state de-
velops an extraordinary, collective nature. The collectivity
found here might be interpreted as the onset of effectively
building a t-channel exchange from an infinite sum of s-
channel poles. In this sense the extraordinary states might
come out as hadronic molecules, at least when they are lo-
cated near relevant thresholds.
In the models studied in this paper we witnessed the
appearance of one or two such extraordinary states de-
pending on the renormalization condition. However, for
simplicity we limited ourselves to the study of only one
continuum channel. To gain insight into the physics of
heavy mesons a natural next step is the inclusion of more
channels. First investigations indicate that the number of
collective states tends to increase in this case.
For the selfenergies in this work we only used the ex-
pression for the scalar loop in leading order in the meson–
meson relative momentum. As a result of this the number
of poles in the S matrix stayed the same throughout the
study, at least for model A. If instead the full expression
for the relativistic scalar loop had been used, there would
have appeared an additional nonanalyticity on the sec-
ond sheet that leads to an additional pole. As a result the
trajectories change quantitatively. However qualitatively
they stay the same and so do the conclusions on the ordi-
nary and extraordinary nature of the resonances as well as
on the role played by the renormalization scheme. Further
details will be presented elsewhere.
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